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Abstract
Some projects such as the EUROMET project 463 have underlined the lack of agreement
between experimental measurements and calculations by the finite element method (FEM),
used to determine the piston fall rate of a high-pressure balance used in primary standards.
This is significant because the piston fall rate is an essential parameter to characterize
experimentally the mean gap between the piston and the cylinder and to determine the
effective area (Ap) at each pressure (p) point. By improving the method used to estimate the
piston fall rate it is possible to improve the determination of the gap, the effective area and
consequently the pressure distortion coefficient. One possible cause of the lack of agreement
between the calculated and measured piston fall rates could be inappropriate modelling of the
fluid flow. In fact, the former quasi-1D Stokes model assimilates the gap between the piston
and the cylinder as formed by two parallel walls, which is an approximation. In addition, the
velocity of the piston wall was neglected. In order to evaluate the influence of this model, the
equations of the fluid flow are modified and are presented in this paper. Equations that were
defined in a parallel-plane model are defined in an annular gap model. In addition to this,
corrections due to the velocity of the piston wall are inserted. This research work is applied on
a Desgranges et Huot DH 7594 piston–cylinder unit of PTB with a pressure up to 1 GPa, in the
continuity of the EUROMET project 463 in order to quantify the influence of each correction
that has been inserted in the new equations. This is carried out using the FEM. This analysis
will allow us to evaluate the improvement of our knowledge of the behaviour of piston gauges
and consequently to better evaluate the uncertainties due to the models.
1. Introduction
Pressure balances are used in many national metrology
institutes (NMIs) as a primary pressure standard from a few
kilopascals up to approximately 1 GPa. The pressure balance
consists of a loaded piston inserted into a closely fitted cylinder.
The effective area (Ap) of the piston–cylinder unit (PCU)
is commonly defined as a function of the effective area at
zero pressure (A0), the pressure applied (p) and the pressure
distortion coefficient (λ):
Ap = A0(1 + λp). (1)
For pressures above 10 MPa, λ contributes significantly to the
final uncertainty. That is why its evaluation is so critical and
why many studies have been carried out on this subject. The
EUROMET project 463 [1] was organized in 1998 to compare
the agreement between laboratory calculations of λ and also
the piston fall rate (vf ) using the finite element method (FEM).
The PCU of PTB (No DH 7594) for a pressure balance, which
operates at pressure up to 1 GPa, was selected to compare the
calculations. Large differences in the pressure distributions,
gap profiles and particularly vf at the maximum pressure were
found [1]. The measurement of vf is an important point to
check the equilibrium condition for the comparison (the cross-
floating method) of two pressure balances and the quality of the
pressure balance and PCU. Moreover, it has to be remembered
that vf can be used to visualize the effect of the piston and
cylinder distortions on the pressure balances.
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Figure 1. Calculation models: (a) parallel-plane model, (b) annular gap model with zero velocity imposed as the boundary condition on the
piston side, (c) annular gap model with fall velocity imposed as the boundary condition on the piston side.
2. Theory
The equilibrium of the PCU is a condition where fluid
dynamics laws apply. Therefore, the velocity profile of the
fluid moving through a gap between the piston and the cylinder
as a function of variation in pressure at both ends of the piston–
cylinder engagement length of the PCU can be determined by
applying the Navier–Stokes equation [2]:
dv
dt
= − 1
ρ
gradp + νv +
(
ξ
ρ
+
ν
3
)
grad divv + F, (2)
where v is the fluid velocity, ρ is the fluid density, p is the
applied pressure, ν is the kinematic viscosity, ξ is the second
viscosity and F is the mass force of the fluid. The following
realistic assumptions are made:
• fluid is incompressible (div v = 0),
• fluid flows are stationary, isothermal and laminar
(dv/dt = 0),
• mass force is negligible (F = 0),
• one-dimensional flow in the y direction for the parallel-
plane model and in the z direction for the annular gap
model.
Then the equation can be modified as
ηv = gradp. (3)
The Laplace operator v depends on the coordinate systems.
In the models used until now, the gap between the piston and
the cylinder was assumed to be based on parallel surfaces
and the fluid velocity at each surface to be equal to zero.
The calculations were performed with a parallel-plane model
similar to the model used by Dadson et al [3]. In this work,
a cylindrical model, more consistent with the geometry of the
PCU, is applied and the piston velocity is taken into account.
For this paper, the following flow models are used (figure 1):
• model 1 is the parallel-plane model in (4),
• model 2 is the annular gap model with zero velocity
imposed as the boundary condition on the piston side
in (5),
Figure 2. Piston–cylinder assembly DH 7594.
• model 3 is the annular gap model with fall velocity
imposed as the boundary condition on the piston side
in (6).
The equations of the three models are
v(x) = 1
2η
dp
dy
(
x2 − rp +
(rp + h)
2 − r2p
h
(rp − x)
)
(4)
v(r) = 1
4η
dp
dz
(
r2 − (rp + h)2 + ((rp + h)2 − r2p )
× ln
(
rp + h
r
)/
ln
(
rp + h
rp
))
(5)
v(r)∗ = v(r) + vf ln
(
rp + h
r
)/
ln
(
rp + h
rp
)
, (6)
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Figure 3. Gap between distorted piston and cylinder calculated by the difference models for the FD mode at 400 MPa and for the CC mode
at 400 MPa and 1 GPa.
Figure 4. Normalized pressure distribution along the gap calculated by the difference models for the FD mode at 400 MPa and for the CC
mode at 400 MPa and 1 GPa.
where η is the dynamic viscosity, dp/dy and dp/dz are the
variation of the pressure along the y direction and z direction,
rp is the piston radius and h is the gap width.
3. Numerical application
The numerical calculations are performed with the Structural
Dynamics toolbox (SDTools) in MatLab, which allows the
application of the FEM. A common method is the separated
solution of the fluid flow and structural problem. The fluid
flow was analysed in the piston–cylinder clearance, which is
affected by structural distortions. Piston/cylinder distortions
are determined iteratively by the FEM structural analysis.
The pressure distribution obtained by flow analysis is at the
same time used as the load condition in the structure problem.
The solution of the two-coupled problems is determined by
structural and fluid flow analysis performed iteratively until a
convergence of the output parameters of interest is obtained.
The mesh is obtained by using the Gmsh software [4] to define
the contour of structure of the PCU. A module is created in
order to integrate the mesh within the Matlab software. The
calculation performed for the real profile of the undistorted gap
between the piston and the cylinder obtained by dimensional
measurements, and the elastic constants of materials are taken
as initial parameters as specified in section 2 of the EUROMET
project 463 [1]. A sketch of the piston–cylinder assembly is
shown in figure 2 [1].
The pressure distribution in the gap was calculated by
applying equations (4), (5) and (6) and by taking into account
the variable fluid characteristics (density and viscosity) in
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the gap between the piston and the cylinder. Therefore, to
calculate the pressure distribution, the fluid density (ρ) and
dynamic viscosity (η) need to be known. Di(2)-ethyl-hexyl-
sebacate (DHS) is the fluid most commonly used in a pressure
balance. The experimental data on DHS density and viscosity
are available in [5, 6] and were evaluated in [7]. For our
calculation, the dynamic viscosity based on data from [5, 6]
was described for a temperature of 20 ◦C by the model equation
η(p, t) = η(t) × 10α(t)×pq , (7)
whereη(t) is the dynamic viscosity, which at t = 20 ◦C is equal
to 0.028 68 Pa s, α(t) is the coefficient, which at t = 20 ◦C is
equal to 0.017 29, p is the applied pressure in megapascals and
q is a coefficient equal to 0.8.
4. Results
The calculations of pressure distortion coefficients and piston
fall rate for the piston–cylinder unit DH 7594 were performed
by the FEM at pressure p in the range 50 MPa to 1 GPa in the
free deformation (FD) and controlled-clearance (CC) modes.
For the CC mode, the jacket pressure (pj) applied is equal to
0.1p. The gap profiles and the pressure distributions are shown
in figures 3 and 4, respectively.
The gap profiles between the three calculation models at
400 MPa for the FD and CC modes are very similar to each
other. And the pressure distributions along the gap are also
very similar. At 1 GPa for the CC mode, the differences in
the gap profiles between the three calculation models occurred
near the gap outlet. The gap profiles between models 2 and
3 are the same. The maximum differences in the piston and
cylinder radii between model 1 and model 2 (or model 3) are
42 nm and 50 nm, respectively, near the gap outlet.
At 1 GPa for the CC mode, the pressure distributions along
the gap between models 2 and 3 are very similar to each other
but they are higher than model 1 near the gap outlet. The
maximum difference in pressure in the gap between model 2
(or model 3) and model 1 is 38 MPa near the gap outlet.
The maximum difference in Ap between the parallel-plane
and annular gap models is equal to 6×10−6 mm2 or equivalent
to 1.22 × 10−6 and the maximum difference in λ is equal to
0.001 × 10−6 MPa−1 with p equal to 1 GPa for the CC mode
(table 1).
The maximum differences in vf between model 1
and model 2 (or model 3) are 0.0143 mm min−1 and
0.000 78 mm min−1 with p equal to 1 GPa for the FD mode
and CC mode, respectively. The maximum differences in λ
and vf between calculation and experimental methods for the
FD mode are 0.012 × 10−6 MPa−1 and −0.118 mm min−1,
respectively, at pressure 400 MPa. For the CC mode, they
are −0.053 × 10−6 MPa−1 and −0.052 mm min−1 at pressure
1 GPa (table 2).
The uncertainties of the pressure distortion coefficient are
summarized in table 3. These uncertainties are calculated
by simulating variations of each influence parameter in their
estimated range of variations [1].
Table 1. Comparisons of the FEM results for the CC mode obtained
with the three different fluid models: model 1 (parallel plane),
model 2 (annular gap with zero velocity at the piston side) and
model 3 (annular gap with piston fall velocity at the piston side), at
pressure 1 GPa and a jacket pressure equal to 0.1p.
Model Model 1 Model 2 Model 3
Displacement at the gap entrance/µm
Piston −1.199 −1.199 −1.199
Cylinder 2.031 2.029 2.029
Gap width 3.902 3.900 3.900
Displacement at the gap exit/µm
Piston 0.250 0.258 0.258
Cylinder −0.116 −0.113 −0.113
Gap width 0.019 0.014 0.014
Zero effective area/mm2 4.902 139 4.902 139 4.902 139
Distortion effective 4.904 013 4.904 007 4.904 007
area/mm2
Piston fall rate/mm min−1 0.052 80 0.052 02 0.052 02
Pressure distortion 0.382 0.381 0.381
coefficient/10−6 MPa−1
Table 2. Pressure distortion coefficients (λ) and piston fall rates (vf )
calculated with model 1 (parallel plane) and their deviations from
the experimental data obtained by PTB (λ = 0.816 × 10−6 MPa−1
and vf = 0.412 mm min−1 for applied pressure 400 MPa in the FD
mode; λ = 0.435 × 10−6 MPa−1, vf = 0.190 mm min−1 for applied
pressure 400 MPa and vf = 0.105 mm min−1 for applied pressure
1 GPa in the CC mode).
p/ λ/ (λ − λexp .)/ vf / (vf − vf,exp .)/
MPa 10−6 MPa−1 10−6 MPa−1 mm min−1 mm min−1
Free deformation (FD) mode
400 0.828 0.012 0.294 −0.118
Controlled clearance (CC) mode
400 0.425 −0.010 0.149 −0.041
1000 0.382 −0.053 0.053 −0.052
5. Conclusion
The pressure distortion coefficient and particularly the piston
fall rate of PCU DH 7594 used for the pressure balance up
to 1 GPa were determined by applying new models of fluid
flow. The experimental values given by PTB were compared
with those calculated by the finite element methods. The
two calculations of the pressure distortion coefficient in the
Cartesian and cylindrical geometry models, performed with
and without taking into account the fluid velocity at the falling
piston surface, are in good agreement. They are also in good
agreement with the experimental data under the uncertainty
claimed for the PTB experimentation. The piston fall rates
calculated for the parallel-plane and annular gap models are
also in good agreement, but there is still a large difference
from the experimental data (figure 5). It was shown that the
fluid flow in the annular gap model and the boundary condition
of the fluid velocity at the piston surface have no significant
effect on the pressure distortion coefficient, and the piston fall
rate provided by calculation. Therefore, these results cannot
show that the uncertainty calculation is better than model 1
(table 3). As for the axial symmetry of the problem, one of
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Table 3. Main sources of uncertainty and overall standard uncertainty of the pressure distortion coefficient in the FD and CC modes at
400 MPa and 1 GPa with different models (all values in units of 10−6 MPa−1).
FD mode, 400 MPa CC mode, 400 MPa CC mode, 1 GPa
Uncertainty source Model 1 Model 2 Model 3 Model 1 Model 2 Model 3 Model 1 Model 2 Model 3
Ecyl 0.0240 0.0241 0.0241 0.0155 0.0156 0.0156 0.0150 0.0150 0.0150
µcyl 0.0048 0.0048 0.0048 0.0038 0.0038 0.0038 0.0038 0.0038 0.0038
Epst 0.0032 0.0032 0.0032 0.0030 0.0030 0.0030 0.0038 0.0038 0.0038
µpst 0.0054 0.0054 0.0054 0.0056 0.0056 0.0056 0.0052 0.0052 0.0052
Eslv 0.0007 0.0007 0.0007 0.0013 0.0013 0.0013 0.0023 0.0023 0.0023
µslv 0.0002 0.0002 0.0002 0.0050 0.0050 0.0050 0.0048 0.0048 0.0048
Piston radius 0.0104 0.0104 0.0104 0.0134 0.0134 0.0134 0.0017 0.0017 0.0017
Cylinder radius 0.0157 0.0157 0.0157 0.0202 0.0202 0.0202 0.0026 0.0026 0.0026
Piston conicity 0.0050 0.0050 0.0050 0.0227 0.0227 0.0227 0.0015 0.0015 0.0015
Cylinder conicity 0.0565 0.0565 0.0565 0.0338 0.0338 0.0338 0.0115 0.0115 0.0115
Overall standard uncertainty 0.065 0.065 0.065 0.051 0.051 0.051 0.021 0.021 0.021
Figure 5. Piston fall rate (vf) in the FD and CC modes measured experimentally and calculated in different models: model 1 (parallel
plane), model 2 (annular gap with zero velocity at the piston side) and model 3 (annular gap with piston fall velocity at the piston side).
the possible deviations of PCUs is non-coaxiality of the piston
and cylinder bore manifested by a displacement or a tilt of the
piston with respect to the cylinder bore axis. On the other hand,
this difference can be explained by the dimensional properties
of the cylinder at the gap inlet and outlet. To understand this
difference, the authors will focus on the geometry of the piston
and cylinder bore. This new method will be applied to LNE’s
PCU for the pressure balance up to 1 GPa.
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